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Abstract. Accurate and efficient grid based techniques for the solution of the time-dependent Schrödinger
equation for few-electron diatomic molecules irradiated by intense, ultrashort laser pulses are described.
These are based on hybrid finite-difference, Lagrange mesh techniques. The methods are applied in three
scenarios, namely H+

2 with fixed internuclear separation, H+
2 with vibrating nuclei and H2 with fixed

internuclear separation and illustrative results presented.

PACS. 02.60.Cb Numerical simulation; solution of equations – 02.70.Bf Finite-difference methods –
33.80.Rv Multiphoton ionization and excitation to highly excited states (e.g., Rydberg states) –
33.80.-b Photon interactions with molecules

1 Introduction

The interaction of few-electron diatomic molecules with
intense, ultrashort laser pulses is of fundamental impor-
tance in femtosecond chemistry. Such systems allow us to
study the interplay between electron dynamics and nu-
clear dynamics and as such act as a precursor to the
description of more complex molecular systems. From a
physical point of view these systems are also of funda-
mental importance since they provide examples of quan-
tum systems driven far from equilibrium and thus allow
us to study highly non-linear phenomena, such as ioniza-
tion (multiphoton, tunnelling and above-threshold), high-
order harmonic generation, dissociation and Coulomb
explosions [1–4].

The simplest few-electron diatomic molecules are the
one-electron hydrogen molecular ion (H+

2 ) and the two-
electron hydrogen molecule (H2) which have been the ba-
sis of much study, both experimentally and theoretically.
Most experimental studies have to date focussed on H2 [1]
due to the relative ease of preparing neutral beams. In
the last few years, however, experimental techniques have
advanced to the point where H+

2 can be studied using ion
beam techniques [5,6]. Theory, on the other hand has con-
centrated primarily on H+

2 [7–10] due to the relative ease
of performing such calculations, indeed it has only been
in the last few years that attention has seriously focussed
on H2 [11–13].

In this paper we set out our method for treating both
of these systems. The testing bed for our approaches has
been H+

2 where we first consider a fixed internuclear sep-
aration, subsequently removing this constraint. For the
laser pulses considered in this work, pulse duration are suf-
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ficiently short enough so that nuclear rotation effects are
negligible and we have taken the internuclear axis aligned
to the laser polarization axis. These two systems allow
us to develop approaches firstly for the electron dynam-
ics and secondly for the nuclear dynamics which are then
taken over to model H2 with a fixed internuclear separa-
tion. The paper is arranged as follows. Section 2 details the
theoretical description of the three problems. In Section 3
the grid methods used in the solution of the problems
are briefly discussed. Section 4 presents some illustrative
results for each problem and Section 5 draws some con-
clusions. Atomic units are used throughout.

2 Theoretical treatment

An accurate theoretical description of laser-driven
diatomic molecules requires the solution of the time-
dependent Schrödinger equation (TDSE)

HΨ = i
∂

∂t
Ψ, (1)

where H is the time-dependent Hamiltonian and Ψ the
wavefunction. For a linearly-polarized laser pulse with the
internuclear axis aligned along the polarization axis, cylin-
drical polar coordinates are the most natural choice with
the electron position vector given by

r = ρ cosφi + ρ sinφj + zk, (2)

where the axial coordinate (z) is along the polarization di-
rection. The z coordinate is therefore predominant since
most electron motion will be driven along the axis of
polarization. The radial (ρ) coordinate of each electron,
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while less important, are still required for a proper de-
scription of the exchange of angular momentum between
the electrons and the field. With the chosen alignment
of the molecule a cylindrical symmetry exists about the
internuclear axis which greatly simplifies the handling of
both H+

2 and H2. For instance for H+
2 the single electron

wavefunction will have no φ dependence. Thus the fixed-
nuclei problem involves in this case merely the solution
of a (2+1)-dimensional TDSE whilst allowing the nuclei
to move along the polarization axis requires the solution
of a (3+1)-dimensional TDSE. For H2 symmetry also re-
duces the number of degrees of freedom by one and so H2

with fixed internuclear spacing demands the solution of a
(5+1)-dimensional TDSE. We now set out the Hamilto-
nian and wavefunction form taken for each of the three
problems considered.

2.1 Fixed-nuclei H+
2

For Σ-symmetry, the azimuthal (φ) dependence does not
arise and the Hamiltonian has the form

H = −1
2

(
∂2

∂z2
+

1
ρ

∂

∂ρ
ρ
∂

∂ρ

)
+ V (ρ, z, R)

+
Z1Z2

R
+ fU(z, t), (3)

where V (ρ, z, R) represents the Coulomb interactions

V (ρ, z, R) = − Z1√
ρ2 +

(
z − 1

2R
)2
− Z2√

ρ2 +
(
z + 1

2R
)2
,

(4)
R being the internuclear distance and Z1 and Z2 the
nuclear charges; fU(z, t) represents the interaction be-
tween the electron and the laser field. A length gauge de-
scription of the electron-field interaction is used in which
U(z, t) = zE(t) where E(t) is the electric field strength.
For the case of fixed nuclei f = 1.

One can remove the first-order derivative in equa-
tion (3) by a change of dependent variable

Ψ(ρ, z, t) =
1√
2πρ

ψ(ρ, z, t), (5)

such that

i
∂

∂t
ψ(ρ, z, t) =

[
− 1

2

(
∂2

∂z2
+Dρ

)
+ V (ρ, z, R)

+
Z1Z2

R
+ fU(z, t)

]
ψ(ρ, z, t), (6)

where

Dρ =
(
∂2

∂ρ2
+

1
4ρ2

)
· (7)

In this case wavefunction normalization requires∫ ∞

0

dρ
∫ +∞

−∞
dz |ψ(ρ, z, t)|2 = 1. (8)

We then construct a 2D-grid in the ρ and z coordinates
and discretize the wavefunction on this grid.

2.2 Vibrating-nuclei H+
2

Progressing from fixed-nuclei to vibrating-nuclei the wave-
function gains an extra degree of freedom, i.e. the inter-
nuclear coordinate, and so the propagated wavefunction
will be ψ(R, ρ, z, t). The Hamiltonian has the form

H = − 1
M

∂2

∂R2
− 1

2µ

(
∂2

∂z2
+Dρ

)
+ V (ρ, z, R)

+
Z1Z2

R
+ fU(z, t). (9)

In this case
f = 1 +

me

2M +me
, (10)

where M is the mass of each nucleus, me is the mass of
the electron and µ its reduced mass.

2.3 Fixed-nuclei H2

In cylindrical coordinates the position vectors of the two
electrons are given by

rs = ρs cosφsi + ρs sinφsj + zsk s = 1, 2. (11)

The cylindrical symmetry in the problem requires that
the wavefunction does not depend on the azimuthal coor-
dinates individually but only the difference between them.
In consequence the wavefunction depends on 5 spatial de-
grees of freedom, namely ρ1, ρ2, z1, z2, and φ = φ1 − φ2.
By taking into account rotation and reflection symmetries
in the wavefunction, we are able to reduce the range of φ
from [0, 4π] to [0, π]. Taking this reduced range into ac-
count, and noting that the wavefunction remains spatially
symmetric throughout the laser interaction time, allows us
to obtain the relation

Ψ(ρ1, ρ2, z1, z2, φ, t) = Ψ(ρ2, ρ1, z2, z1, φ, t). (12)

As in the case of H+
2 first-order derivatives in the Hamil-

tonian can be removed by writing

Ψ(ρ1, ρ2, z1, z2, φ, t) =
1√

4πρ1ρ2
ψ(ρ1, ρ2, z1, z2, φ, t),

(13)
so that∫ π

0

dφ
∫ ∞

0

dρ1

∫ ∞

0

dρ2

∫ +∞

−∞
dz1

∫ +∞

−∞
dz2 |ψ|2 = 1.

(14)
The Hamiltonian for the laser-driven H2 molecule is then
of the form

H =
2∑

s=1

[
− 1

2

{
∂2

∂z2
s

+Dρs +
1
ρ2

s

∂2

∂φ2

}

+ V (ρs, zs, R) + fU(zs, t)
]

+ Vee(r1, r2) +
Z1Z2

R
, (15)
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where Vee(r1, r2) represents the electron-electron interac-
tion

Vee(r1, r2) =
1√

ρ2
1 + ρ2

2 + (z1 − z2)
2 − 2ρ1ρ2 cosφ

· (16)

In this case we construct a 5D spatial grid and discretize
the wavefunction on it.

3 Grid techniques

Accurately treating the H+
2 and H2 problems necessitates

the grid treatment of 4 distinct coordinates, namely ρ, z, φ
and R. The grid methods employed have to meet various
criteria, in order to be not only accurate but efficient.
Extending the discussions in [14], we see that each of these
grids must fulfill the following criteria:

1. provide adequate coverage of configuration space;
2. allow the correct application of the boundary condi-

tions at ρs = 0, s = 1, 2;
3. allow the correct application of the boundary condi-

tions when r1 = r2;
4. make possible a unitary time evolution operator;
5. provide a large density of grid points along the z1 and
z2 directions, since electronic motion has largest ve-
locity components parallel to the z-axis (laser polar-
ization axis);

6. provide comparatively fewer grid points along the ρ1,
ρ2 and φ directions;

7. accurately treat the R coordinate.

A Lagrange mesh treatment of the ρ1, ρ2 and φ and R
variables, together with a finite difference treatment of
the z1 and z2 variables, satisfy these requirements. For an
extensive discussion of the relationship between these two
approaches the reader is referred to [15]. We now outline
the grid methods for each of the four distinct coordinates.

3.1 Lagrange mesh treatment of ρ

The Lagrange mesh method is a basis set method founded
on Lagrange interpolation and Gaussian quadrature. It
is a special case of the Discrete Variable Representation
method [16] which has been extensively applied to both
time-independent problems [17,18] and time-dependent
problems [19,20]. For a fuller description of the method,
the reader is referred to Baye and Heenan [21]. The reader
is also referred to [14] for a fuller description of the appli-
cation of the method to the present problems.

In treating the ρ coordinates we use a mesh having Nρ

quadrature points. These quadrature points are the zeros
of the generalized Laguerre polynomials, Lα

Nρ
(ρ), where,

Lα
Nρ

(ρ) =
(α+Nρ)!
α!Nρ!

1F1(−Nρ;α+ 1; ρ), (17)

and are defined over the interval [0,∞). These quadrature
points are denoted by ρi, for i = 1, . . . , Nρ.

Normalized Lagrange functions, gi(ρ), i = 1 . . . , Nρ,
are obtained through use of the orthonormal set, ϕk(ρ),
k = 0 . . . , Nρ − 1, where,

ϕk(ρ) =
[
Γ (α+ k + 1)

k!

]−1/2

ρα/2e−ρ/2Lα
k (ρ), (18)

and have been found to take the form

gi(ρ) = λ
−1/2
i

1
ϕ′Nρ

(ρi)

ϕNρ
(ρ)

ρ− ρi
, (19)

where the quadrature weights are given by

λi =
1

ρiϕ
′
Nρ

(ρi)2
i = 1, . . . , Nρ. (20)

Using these three sets of variables, it is then possible to
evaluate the matrix elements of the ρ-dependent kinetic
energy terms −1/2Dρ exactly, by setting α = 1, so that
for i, j = 1, . . . , Nρ,

Dij = −1
2

∫ ∞

0

g?
i (ρ)Dρgj(ρ)dρ. (21)

Baye and Heenen [21] have shown that the matrix ele-
ments are given by

Dij =
1
2
×




1
ρ2

i

+ Sii i = j

(−1)i−j

[
1√
ρiρj

(
1
ρi

+
1
ρj

)
+ Sij

]
i 6= j

(22)
where

Sij =
√
ρiρj

∑
k 6=i,j

1
ρk(ρk − ρi)(ρk − ρj)

· (23)

3.2 Lagrange mesh treatment of R

Treating the internuclear coordinate for vibrating nuclei
requires us to evaluate the nuclear kinetic energy term.
This coordinate can also be treated with a set of normal-
ized Lagrange functions hi(R), i = 1, . . . NR formed from
a Laguerre basis set, ϕk(R), k = 0 . . . , NR − 1, where

ϕk(R) =
[
Γ (α+ k + 1)

k!

]−1/2

Rα/2e−R/2Lα
k (R). (24)

In this case we choose α = 0. Denoting the quadrature
points by Ri the matrix elements of the nuclear kinetic
energy term are given by

Tij = − 1
M

∫ ∞

0

h?
i (R)

∂

∂R
hj(R)dR (25)
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Again, Baye and Heenen [21] have shown that the matrix
elements are given by

Tij = − 1
M

×




1
4R2

i

+ Sii i = j

(−1)i−j

[
1√

2RiRj

(
1
Ri

+
1
Rj

)
+ Sij

]
i 6= j

(26)

with

Sij =
√
RiRj

∑
k 6=i,j

1
Rk(Rk −Ri)(Rk −Rj)

· (27)

3.3 Lagrange mesh treatment of φ

In the case of the φ variable, we seek a set of normalized
Lagrange functions and weights, denoted vm(φ) and wm,
m = 1, . . . , Nφ respectively, defined on the interval [0, π],
together with a set of quadrature points that would enable
us to evaluate the φ-dependent kinetic energy terms

Pmn =
∫ π

0

v?
m(φ)

∂2

∂φ2
vn(φ) dφ (28)

exactly.
Karabulut [22] has found such a desirable set, to within

a scale factor. Following this work, we choose quadrature
points

φm =
(2m− 1)

2Nφ
π m = 1, . . . , Nφ, (29)

together with normalized Lagrange functions

vm(φ) =
1√
πNφ


1 + 2

Nφ−1∑
k=1

cos(kφm) cos(kφ)


 , (30)

and quadrature weights

wm =
π

Nφ
m = 1, . . . , Nφ, (31)

giving

Pmn =
(−1)m−n−1

2

×




1
sin2(m− n)π/2Nφ

− 1
sin2(m+ n− 1)π/2Nφ

m 6= n

Nφ +
(Nφ − 1)(2Nφ − 1)

3
− 1

sin2(2m− 1)π/2Nφ

m = n.
(32)

2 4 6 8 10 12
Internuclear Distance (au)

10−7

10−6

10−5

10−4

10−3

10−2

Io
ni

za
tio

n 
R

at
e 

(a
u)

Fig. 1. Comparison of the Lagrange mesh results (N) for the
ionization rate as a function of internuclear separation for a
laser pulse of wavelength 248 nm and peak intensity 1.0 ×
1014 Wcm−2 with the results of Madsen and Plummer [25]
(——) and with the finite difference method [10] (•).

3.4 Finite difference treatment of z

As in [10] the z coordinate is treated using finite differ-
ences, the kinetic energy term is approximated by the 5-
point central difference formula. While higher-order finite
difference methods have been used in the past to solve the
time-dependent Schrödinger equation for model molecular
potentials [23,24], the finite difference approach employed
here allows us to parallelize our computer codes efficiently
by distributing the z coordinate grid across processors. In
order to handle the electron quiver motion in intense and
low frequency fields a large number of z grid points must
be used. Distributing the z coordinate across processors
allows us to scale the size of the problem easily to han-
dle such fields. The sparse nature of the finite difference
matrices compared to the Lagrange mesh method means
that communications between processors is kept to a min-
imum. Indeed each processor must communicate with a
maximum of two neighbouring processors for H+

2 and a
maximum of four neighbouring processors for H2.

4 Results

4.1 Fixed nuclei H+
2 results

In Figure 1 we present a comparison of the ionization
rates as a function of internuclear separation for a laser
pulse of wavelength 248nm and peak intensity I0 =
1.0× 1014 Wcm−2 with the results of Madsen and Plum-
mer [25] and with a full finite difference method [10]. A
grid having extent −50 ≤ z ≤ 50 and 0 ≤ ρ ≤ 42 Bohr
was used. The Keldysh parameter for these conditions
varies between γ ≈ 5 for R = 2 and γ ≈ 3 for large R
and this defines the process as multiphoton rather than
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Fig. 2. Logarithm of the electronic population within the grid
(——) at R = 10 for a wavelength of λ = 248 nm using and
a peak intensity of 1.0 × 1014 Wcm−2. Two distinct rates are
present which are highlighted by the extrapolated lines, namely
initial population of a bound resonant state (— · —) followed
by its subsequent decay (· · · · · ·).

tunneling ionization. Very good agreement between both
time-dependent methods is observed for all internuclear
distances. Very good agreement with the Floquet results
is also found at the equilibrium bond length, R = 2, at
which the ground electronic state is an isolated resonance
of the system requiring six photons to reach the ioniza-
tion threshold, and at larger internuclear distances where
the process requires only four photons to achieve ioniza-
tion. Poor agreement with the Floquet results is observed
around intermediate internuclear distances (6 < R < 9).
The Floquet ionization rates refer to a particular dressed
state formed from the Σ+

g ground-state. However, around
intermediate values of R the ground state ionization rate
is difficult to define. As a result of crossings with ex-
cited states and Rydberg series resonances the ground-
state becomes mixed (dressed) with other states. Both
wavepacket calculations indicate the non-adiabatic follow-
ing that arises during the pulse rise and indicates the dif-
ficulty in comparing with Floquet theory for interfering
resonance states.

In obtaining these results we found that the use of a
20 cycle laser pulse having a 4 cycle ramp-on and a 4 cy-
cle ramp-off gave fully converged results except at R = 8.7
and R = 10. From the figure we see that the Floquet rate
is peaked around these values which suggests the presence
of an intermediate resonance state. We find that using
a 60 cycle laser pulse having a 10 cycle ramp on and a
10 cycle ramp off reproduces the Floquet rate. The rea-
son for this is obvious from Figure 2. In this figure we
plot the logarithm of the population within the grid as a
function of time at an internuclear separation of R = 10.
In a non-resonant process we would expect that after the
ramp on period this would decay as a straight line of con-

stant slope. However, we see that two separate rates are
present. Firstly, there is a large population decrease from
10−15 cycles after which the rate changes to a lower value
with a sinusoidal component superimposed. This implies
that an intermediate bound state resonance is quickly pop-
ulated at the start of the pulse after which it begins to
decay. The sinusoidal component superimposed is due to
Rabi oscillations with the ground state. Such an effect has
already been observed in atomic helium through a com-
parison of the R-matrix Floquet method and the direct
solution of the TDSE [26].

4.2 Vibrating nuclei H+
2 results

In this subsection we present results for vibrating nuclei
H+

2 using a finite difference treatment of the ρ coordi-
nate. Figure 3 presents visualizations of the probability
density of vibrating nuclei H+

2 in the R− z plane for vari-
ous instants in time during the interaction with the pulse.
A grid having extent −50 ≤ z ≤ 50, 0 ≤ ρ ≤ 42 and
0 ≤ R ≤ 26 Bohr was used. These plots are obtained by
integrating the probability density over the ρ coordinate

P (z,R, t) =
∫

dρ ψ?(ρ, z, R, t)ψ(ρ, z, R, t), (33)

and are valuable because they allow us to study the in-
terplay between the dissociation dynamics and the elec-
tron dynamics with emphasis on the laser field polariza-
tion axis. We only plot that part −10 ≤ z ≤ 10 and
0 ≤ R ≤ 10 Bohr since this is the most interesting region.
In Figure 3a, near the end of the ramp-on, we see that
the electron has clearly responded to the field whereas the
nuclear dynamics show no more than a slight distortion.
However, later in the pulse as shown by Figures 3b–3d we
see nuclear motion occurring with a breakup of the nuclear
wavepacket (Fig. 3b) followed by the formation of small
horns along z = ±R, a signature of dissociative ionization.

4.3 Fixed nuclei H2 results

Figure 4 displays probability density P (z1, z2, t) plotted
against (z1, z2) at three indicated instants during the ex-
posure of the molecule (with fixed equilibrium spacing
R = 1.4 Bohr) to soft, intense X-rays (λ = 23 nm) and
2× 1016 Wcm−2 peak intensity [13]. The most important
feature to note (in frame 3 especially) is the tendency for
double electron ionization to occur in the z1 = −z2 quad-
rants. This indicates at this short wavelength that simul-
taneous electron ionization involves the two electrons ion-
izing on opposite sides of the nucleus in contrast to what
was found for helium at longer wavelengths.

5 Conclusions

The method that has been presented in this paper rep-
resents a general approach for treating accurately and
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Fig. 3. R−z plots of the electron probability density of vibrat-
ing nuclei H+

2 for a laser pulse having a wavelength of 248 nm
and a peak intensity of 6.0× 1014 Wcm−2. The picture at the
top shows a profile of the laser pulse with the circles corre-
sponding (from left to right) to the location of frames (a–d).

reliably few-electron molecules exposed to intense laser
pulses. Present day high-end computational resources are
essential.

The next extension to this approach will be to include
nuclear vibration in the description of H2. However this
problem awaits a Terascale computing facility due to the
large increase in memory and computation which will re-
sult. For instance the fixed-nuclei H2 results presented in
this paper require roughly 120 Gb of memory. Mapping
out the inter-nuclear coordinate would in this case brings
the memory requirement up to almost 3 Tbytes.
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Fig. 4. The dots on the upper E-field plots indicate the in-
stants in time for which the probability density P (z1, z2, t) of
the hydrogen molecule are portrayed, during its excitation by
a 20 field period laser pulse of wavelength 23 nm and of peak
intensity 2× 1016 Wcm−2.
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